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Introduction

| . Binary classification problems

* ye{0,1}
® Model is built for P(y =1 | @)

® Loss function: Cross entropy

2. In practice, we may have K (> 2) classes: y € {0,1,..., K — 1}
® (Consider one-hot representation
*y=(0,...,1,...,0)F e RE¥!

® If y =k, only the (k+ 1)th element of y is 1



Model

| . For a feature x,

® We consider a neural network with K outputs

® Each output is a score (conditional probability) for the corresponding class

7 That is, the only difference is the number of neurons in the last layer

® For binary classification problems, we only have one neuron for the output layer

® L]

For general classification problems, we have d K neurons for the output layer
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Softmax function

| . For a d-dimensional vector z = (z1,...,24)" € R, the softmax function is

exp(z1)/ 35—, exp(z:)

Softmax(z) = eXp(zg)/Z-%_zl exp(z;)

exp(zq)/ 35— exp(z;)

7 Remarks

®* Amplify gaps among {z1,..., 24} due to the exponential function
® Location invariant: Softmax(z 4+ ¢) = Softmax(z) for all ¢ € R

® Only consider relative order
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Softmax function

|. Denote a = Softmax(z) € R4*!
: a = (alj"'}a’d)T

2. Then, we have (check by yourself)
da’ da
- = =) =(a,, - (6,1 —
o = (52) = (G~ a0)

®* k=1,...,d: Row index

* m=1,...,d: Column index

® 0,,. : Indicator function




Notations

| . Recall that

® L : Number of layers in the neural network

* d: Number of neurons in the Ith layer (I =0,...,L)

* gl — (@g]j . ?a[l]g])T c Rt x1

pll — (b[l] b[l] * e Rd" x1

2. For binary classification problems, we have d'" = 1

3. For general softmax regression problems, we have d'*) = K
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Notations

| For K =3

Input layer
(@ = d

Ist hidden layer
(a" = 6)

2nd hidden layer
(@ = 1)

Output layer
(d¥ = 3)



Forward propagation

|. Let A% = X ¢ R™*4
2. Forl=1,...,L -1,
ZU = (b)) 4+ A1 (W)
Al = gl (Z)

* ¢(2) 1 Activation function for the Ith layer

® Broadcasting is used for activation functions



Forward propagation

| . For the last layer,
W[L] ERKXdL_lj beRle

7 Linear transformation is the same:

7IL] _ (b[L})T LAl (W[L])T

¢ Z[L] c RRXK
3. Softmax function is applied for activation:
AEl = Softmax(Z )

* A ¢ RxK
® Softmax function is applied to each row of Z!*!

.xTh‘? sum of each row of A is r

.x't]ll | q 0y



Forward propagation

|. The dimension of the A", containing estimated probabilities in the last layer

* Al e R™¥! for binary classification problems

* Al e R™E for softmax regression problems

2 The cost function for softmax regression is

n K
AN B
J(O) = —n"" >J>ink 1oga,,£k]
i=1 k=1
® 60 : Model parameters
* v, = (Yir,...,yix)" : One-hot representation for the ith example
* (L]

a;, : Estimated probablity for the (kK — 1)th class of the ith example
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Backpropagation

| . We only need to focus on the backpropagation for the output layer

"9

. dA™ can be obtained from the cost function

The cost function for softmax regression is

n K
J0) = -—n" Z: Z: Yir log agi’]

1=1 k=1

f\'JJ

4. Thus, the (i, k)th component of dA"is

0 i
day = ﬁf} =—n"' g
Oay, A,

S. dAH = —n=1Y /Al (element-wise division by Python broadcasting)
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Backpropagation

| . Next, we focus on obtaining d Z!“!

2. Fori= l,....nand k=1,..., K, sz is only used to get the ith row of A%

3. For h # 1, we have
o L]

a?f]’f:() (me="T1,..0; &)
0z,

4 Forizlj...jn;kzlj.. ,,K we have
L =\ 8J dall ZK: 0J 0a”

0z 5;’] — = gal) 90 = el o2l;

L
dzz[k] —

D. To obtain dZ| it is enough to get its elements {dzz[? 2 = Limsas MR = lg:u,



Backpropagation

|  We have obtained

-
OF _ _p-t¥im  OQim _ Ll (5 oLL)
oull] =B el T O
2. Thus, we have
K [L] K
0J Oa; N Yi L L
dzlH = = 0ty S Gk — a)
: fr; 8a£i‘1 8235 m=1 G,Eil )
K K
=—n"" Z Yim * Omik + n_lag";] ' Z Yim = _n_l(yik - CLEE])
m=1 m=1

The last equality holds since Ei:l Yim = 1

3. Thus, we have dZH = —n=1(Y — A (error matrix from the output layer)
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Backpropagation

| . To sum up, for the output layer, we have

dAY = —n7'y /AL (element-wise division),

dZ" = —n=1 (Y — AF)  (exactly the same as binary models),
AW L] — (dz[L])T . AF
dplll = (dz[f])T 1,
dAL—1 — gz . wlL]

® 1 e R"™! . Column vector of 1’s



Backpropagation
| . The hidden layers for softmax regression is exactly the same as binary regression
2. We can directly use the backpropagation result for binary regression models

J. That is, by assuming dAY is available for [ = L — 1,....,1, we have
dZW = dAll o gl (Z1),

dwlll — (dZ[l]) . Al
dplll — (dz[l])T 1,
dAl-Y — gzl . wll

® 1 e R : Column vector of 1’s



Example

Test image Model (FNN with 2 hidden layers) Estimated result
® &
L]
4
. .« > 2
: - .
8 @
e
®
&
Input layer 1st hidden layer 2nd hidden layer Output layer

dl0 = 784 dll = 198 dl? = 64 dB3 =10



Summary

[ .

Four aspects for softmax regression

Model structure: K outputs, estimating a conditional probability for each class

Forward propagation: Hidden layers are the same, but apply softmax to the output

layer
Cost tunction: Cross entropy

Backpropagation: Hidden layers are the same, and scaled estimated error for the

output layer, dZH = n=1 (ALl —Y)
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